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Abstract

Four new relations have been found between the Stirling numbers of
first and second kind. They are derived directly from recently published
relations[]
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1 Introduction

Only a few relations are known to exist between the Stirling numbers of first and
second kind. Recently two new equations were introduced for this purpose. The
Stirling numbers are extensively studied for instance in the field of combinatorics
[, [21, [6]. [7] has displayed a nice historic review of the Stirling numbers.

The equations below seem to be the only nontrivial relations between the
Stirling numbers of first and second kind [4].
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The following two equations were recently found by the author [§]
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In the following, one is using mostly arithmetic operations in order to derive
new expressions. Therefore it is not necessary to make too strict assumptions
on number domains and differentiability etc. In general, the applied indexes
€ N7 and the variable x € C for instance.

2 Stirling Numbers

SY:-L) is the Stirling number of first kind. The recurrence relation is the following

S = 817 sy (7)
and the special values are
SO =0, s =1 S = (1) n - 1)! ®)

Sé";) is the Stirling number of second kind. The recursion relation is
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and the special values are
S =00 Sih=1, S =1 (10)

For both kinds of numbers, they are determined from the recursion relations
above. Numbers outside the number triangles are zero. The basic features of
the Stirling numbers of first and second kind can be found in most handbooks,
see [3], [4], [B].



3 Identities For the Stirling Numbers

The equations below were found by the author [8] while establishing the equa-

tions (Bl) and (@)).
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The parameter x can have any value Whatsoever. At the point £ = 1 one will
get the results mentioned above. However, to derive new results one must start
from the equations ([Il) and (I2). The summation (III) can be opened up to the
following polynomial
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By using the known properties of the Stirling numbers one recognizes that the
highest powers ™ are eliminated from this equation leaving only powers lower
than m.
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This leads at x = 1 to
m—1 g m—1
=3 s S s =3 s (16)
j=1 k=1 k=1
Identical steps starting from (I2]) lead to
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Correspondingly, at z = 1 one obtains
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4 Discussion

The Stirling numbers of first and second kind form Pascal-type triangles with
rather complicated closed-form equations for the numbers themselves. Not so
many relations exist between these two kinds of Stirling numbers.

The process started from the original equations (1) and (I2)) containing
the variable x by studying them in detail. The results were evaluated at © =
1. Further two equations were produced by differentiating the equations (IHl)
and ([I7) and evaluating them at = 0 which clears out all its powers. It is
obvious that more complicated relations between the Stirling numbers of first
and second kind can be generated by differentiating the equations (I5]) and (I7)
and evaluating at some value. These two polynomial equations seem to be in a
key position while generating new equations.

The results indicate that the the two kinds of Stirling numbers are connected
in a complicated way and there exist several complex relations. Equations (I3]),

@), @), [@3), @) and @0) are believed to be new.
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